Homework 5: Solutions to exercises not appearing in
Pressley

Math 120A

e (3.2.2) and (3.2.3) Parametrize the ellipse as (t) = (pcost,gsint). Then the area of
the ellipse is
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Furthermore, the length ¢(7) of the ellipse is f027T V/p?sin’ t + 2 costdt. The isoperi-

metric inequality tells us that A(y) < %, or 24/mA(y) < £(7). Therefore we have
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Since the isoperimetric inequality is an equality if and only if 7 is a circle, the last
inequality is equality if and only if the ellipse is a circle, that is, if p = q.

e (3.3.4) Let v(x) = (z, f(x)). Then the tangent vector 4(x) = (1, f), and the length of

the tangent vector is 4/ 1 4 (f)2. Therefore the unit tangent vector of - is
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Rotating by § shows that the signed unit normal is
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Recall that s the signed curvature is the number that makes 9° = k.n,, where v is




the arc length. Ergo we compute:

@ _dd( 1
dv  dvdx \ 1+ (f)? 1+(f)2

— 1 1+(f)2 f\/ (+(y f\/—
L1 (fe | 12 + (/)2
1 —fffae () - (f%f‘)
1+ (f)? (1+(H2 1+ (H»e
= f 3 ! (_fa 1) - %1’15
(1+(f)?): 1+ (f)? (1+(f))>

We see that k, = +. This implies that the numerator of &, is
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Now (14 (f)2)!2 is never zero, so if iy = 0, we have f (14 (f)2)) = 3(f)2f. This was
the desired equality.

e (4.1.7) Recall that in class we gave a surface patch for the unit sphere defined on
U = (=%,%) x (0,2r) with map o(6,$) = (cosfcos¢,cosfsing,sind). We can
adapt this to be a surface patch for the ellipsoid by replacing o with ¢’ such that

o'(0,¢) = (pcosfcosp,qcosfsing, rsing). The inverse of this map is o~ (z,y,2) =

(arcsin Z, arctan ( 2 )) on {z > 0,y # 0}, oY (z,y,2) = (7 + arctan <%> ,arcsin (2))
on {x < 0}, and o~ !(z,y, 2) = (cot™! (gy> arcsin (2)) on {z > 0}, and o7 (z,y,2) =

(7 + cot™! <z—z> ,arcsin (2)) on {z < 0}. These pieces all fit together to form a con-

tinuous inverse function. The question only asked for one surface patch, but doing the
same change to the other surface patch for the sphere produces an atlas for the sphere.
(Alternately, one can adapt the charts given in Exercise 4.1.2.)

e (4.1.8) We have o(u,v) = (sinu,sinv, sin(u+wv)), which is an injection on —§ < u,v <
2. Moreover, o~ ')(z,y, z) = (arcsinz, arcsin y) is also continuous, so ¢ is a continuous
bijection (onto its image) with continuous inverse. It remains to be shown that the
image of ¢ is on the Cartesian surface (22 + y* + 2%)? = 42%2%(1 — ¢?), i.e., that
points sin u, sin v, sin(u 4 v) satisfy this equation. Notice that the lefthand side above,



upon substitution, becomes 4 sin? u sin®(u +v)(1 —sin® v) = 4 sin® u sin®(u +y) cos? v =

(2sinusin(u+wv) cosv)?. Therefore it suffices to check that sin? u—sin® v+sin?(u-+v) =
2sinusin(u + v) cosv. Let’s do this:

2 2

sin? u — sin® v + sin®(u 4 v) = sin® u — sin? v + (sinw cos v + cos usinv)?

= sin® u — sin® v + sin® u cos® v + 2 sin u cos u sin v cos v + sin® v cos® u
= sin? u(1 + cos®v) + sin® v(cos® u — 1) + 2 sin u cos u sin v cos v

= sin® u(1 + cos® v) + sin® v sin® u + 2 sin u cos u sin v cos v

= sin® u(1 + cos® v — sin? v) + 2sinu cos usinv cos v

= 2sin® u cos® v + 2sin u cos u sin v cos v

= 2sinu cosv(sin u cosv + cos usin v)

= 2sinwucosvsin(u + v)

Question 3: Stereographic projection. Let oy be the projection map from the sphere to
the plane by drawing lines through the north pole. If (z,y, z) lies on the unit sphere,
the line through (0,0,1) and (z,¥, 2) is given by (0,0,1) + t(x,y, (z — 1)). This line

intersects the xy-plane at 0 = 1+t(z—1), or t = 1:2' Therefore the projection map is

o1: S —{(0,0,1)} - R?

Y
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This is clearly smooth. Now let us determine o~!. The line through the north pole
and the point (u,v,0) on the (x,y) plane is (0,0, 1) + ¢t(u, v, —1). We want to find the
point on this line that lies on the unit sphere 22 4+ y? 4+ 22 = 1. Therefore we take an
arbitrary point (tu,tv,1 —t) on this line and solve:

(tu)® + (tv)* + (1 —t)* =1
tul+ P+ 1 -2t +t2 =1
ttu? +t* +t—2) =0

(2,9, 2) = (
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Thus the map o~*(which is the actual surface patch) is
o' R? = S —{(0,0,1)}
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This is the map whose regularity we need to check. The partial derivatives of o~! with
respect to u and v are
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To show these vectors are linearly independent, we need to check that the cross product
of (v —u?+1, —2uwv, 2u) and (—2uv,u? —v*+1,2v) is nonzero. The first entry in this
vector is —4uv? — 4u(u? —v? +1) = —4u(u® 4+ 1) # 0 unless v = 0. Symmetrically, the
second entry is only zero if v = 0. However, the third entry is equal to 1 — (v + u?)?,
and is only zero if u? + v? = 1. These three things cannot happen simultaneously. So
regularity holds.

Finally, we consider the transition maps. If we define a second projection map o, :
S—{(0,0,-1)} = R* given by (z,y, 2) = (753, 125} Then the transition map og00;
is the map R? — {(0,0} — R* —{(0,0)} given by (u,v) — (#ﬂg, #MZ) Notice that

if we think about R? as the complex plane C instead, this is the map z %

(4.1.3) Let S be the hyperboloid {(z,y, 2) : 22+ y* — 22 = 1}. Then we claim the lines
Ly defined by

(x —z)cosf = (1 —y)sinb
(x4 2)sinf = (1 + y) cosd

for fixed 6 on the hyperboloid. For multiplying the equations gives
(2% — 2*)sinfcosf = (1 — y*)sinf cos f

Therefore either 22 + —22 = 1 — y2, which is the equation of the hyperboloid, or one of
sin @ or cos @ is zero. If sin f is zero, then x = z and y = —1, which is on the hyperboloid,
and if cosf = 0, then y = 1 and x = —z, which is similarly on the hyperboloid. Now we
use this to give a parametrization of the hyperboloid in two surface patches. First, we
want to describe the line Ly more concretely. Notice that each Ly passes through some
point where z = 0; at that point, assuming 6 is not a multiple of 7, we have 4yt =1
and (1 —y)tand = o = (1 + y) cot §. Note that the sign of 1 + y is the same as the
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sign of 1 — 3. Moreover we have tan?§ = %Z, which implies that sinf = +

cosf = i—”;yl. We conclude that sinfcosf = i@ = @ = +7. We conclude
that © = £2sinf cosf = sin(20), and therefore y = £ cos(20). The only sign choice
that fits the equations of Ly is (z,y,0) = (sin(26), — cos(26),0). Now we know one
point on Ly.

The other easy-to-examine point on the line Ly is z = cot §. Then the second equation
for Ly becomes

(x + cot 8)(sinf) = (14 y) cos b
xsinf + cos @ = cos 6 + y cosd

xsinf = ycosl
and the first becomes, similarly

xcosf + ysinfh = cscl



The solution to this system of equations is x = cscfcot § = cot § and y = cscOsinf =
1). So the point (cot 8, 1, cot §) also lies on Ly.

We are finally ready to give a single equation for Ly. We know this line is parallel to
the vector (cot,1,cot ) — (sin(26, — cos 260, 0)]. Multiplying by tanf (remember we
are still not doing the case that 6 is a multiple of 7) we see our line is parallel to

in 0 in 6

o QSiHQCOSQ,&(l—f-(QCOSQ@— 1)),1)
Ccos cos 0
= (1 —2sin*#,2sinfcos b, 1)

= (cos(20),sin(260),1)

(1 —tan@sin(20), tan 6 + tan 6 cos(26),1) = (1 —

So Ly is the line (sin(26), — cos(26),0) + t(cos(26),sin(20), 1), at least when 6 is not
a multiple of 7. But when § = 0, we have the line (#,—1,¢), which also fits this
description, and when § = 7, we have the line (¢, 1, —), which does as well. Hence we
have completely described Ly, and our hyperboloid has the parametrization o(0,t) =
(sin(26), — cos(26),0) + t(cos(26),sin(20), 1). Restricting o to the domains (0,7) x R
and (7, 37”) x R gives two surface patches that cover the hyperboloid.

So far we have seen that the hyperboloid is a ruled surface; to wit, it is parametrized
by a family of lines. Now we will see it is doubly ruled. There is another family of
lines M, that twist in the opposite direction on the hyperboloid. We obtain them by
changing the sign of ¢.

(x —z)cos¢p = (1 +y)sing
(x +2)sin¢g = (1 —y) cos ¢

We want to show that My and Ly intersect in a single point unless 6 + ¢ = nx for 0
and ¢ not multiples of 7. If either is true we have (1 —y)sin = —(1 + y) sin #, which
has no solutions when sin # 0. If § = ¢ = 0, then Ly is the line (¢, —1,¢) and My is

the line (¢, 1,¢), which do not intersect; similarly if 6 = ¢ = 7.

Now consider the case that 6 + ¢ # 7n and neither ¢ nor ¢ is a multiple of . Notice
that if (z,vy, 2) lies on both lines, we have x — z = (1 + y)tan¢ = (1 — y)tand. If
¢ # —0, and neither is a multiple of 7, this implies

_ tanf —tan¢

~ tan¢ + tané

sin @ cos ¢ — sin ¢ cos 0
sin ¢ cos 6 + sin 0 cos ¢
sin(6 — ¢)

sin(¢ + 6)

Y

Moreover, we know that 2x = (1 4+ y)tan¢ + (1 — y) cot ¢. Inputting the expression

for y above and simplifying shows that z = Zﬁgg;i)) . But then z = 2 — (1 — y) tan ¢, so




cos(0+¢)
sin(6+¢)

inputting our formulas for x and y and simplifying shows that z =
intersection point is in general

(cos(@ — ¢) sin(d — ¢) cos(f + ¢))
sin(0 + ¢) " sin(¢ + 0) " sin(0 + ¢)

Ergo our

s

We still need to deal with the case that one angle is 0 or §. If § = 0, then we have
the line (¢, —1,¢), which intersects My where 2¢sin ¢ = 2cos ¢, or t = cot(¢) (as long
as ¢ # 0). This fits the general form above. If ¢ = 7 we get the line (¢,1, —t), which
interects My where t = —tan ¢, at (—tan ¢, 1, tan ¢). This again, fits the general form.

We see similar behaviour if ¢ is 0 or 7.



